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WUDQVIRUPHU
V WXUQV UDWLR 7KH UHVLVWDQFHV RI VZLWFKHV DQG YROWDJH
VRXUFHV DUH FRQVLGHUHG WR KDYH QHJOLJLEOH HIIHFW RQ WKH YROWDJH
JHQHUDWLRQDWWKHRXWSXWRIHDFKEULGJHWKHUHIRUH
va = ± Vdc 
nvb = ± nVbat 
8VLQJ EDVLF FLUFXLW DQDO\VLV WKH VWDWHYDULDEOH GHVFULSWLRQ FDQ EH
REWDLQHG
7KH IDVW VXEV\VWHP FDQ EH GHVFULEHG E\ WKH IROORZLQJ VWDWH
HTXDWLRQV
diLs1
dt =
va − (r1 + r2′)iLs1 − vCs1 + r2′iLm − vcs2 − nvb
Ls1

dvCs1
dt =
iLs1
Cs1

diLm
dt =
r2′iLs1 − (rLm + r2′)iLm + vCs2′ + nvb
Lm

dvCs2′
dt =
iLs1 − iLm
Cs2′

7KHVORZVXEV\VWHPLVGHVFULEHGDV
dvCf
dt =
Vbat + rbibridge − vCf
C f (rb + rCf)

7KHFRXSOLQJHTXDWLRQLVREWDLQHGFRQVLGHULQJWKHRSHUDWLRQRIWKH
DFWLYHEULGJHRQWKHRXWSXWVLGH
ibridge =
n(iLs1 − iLm) when vb > 0
−n(iLs1 − iLm) when vb < 0

6WDWHYDULDEOHDQDO\VLVIRUUHYHUVHRSHUDWLRQ
1RZFRQVLGHULQJWKHRSSRVLWHSRZHUIORZGLUHFWLRQWKHHTXLYDOHQW
FLUFXLW IRU UHYHUVHPRGHDQDO\VLV LVVKRZQLQ)LJDQGVLQFH WKH
RXWSXWLVQRZRQWKHSULPDU\VLGHERWKIDVWDQGVORZVXEV\VWHPV
DUHUHIHUUHGWRWKHSULPDU\
7KH IDVW VXEV\VWHP FDQ EH GHVFULEHG E\ WKH IROORZLQJ
HTXDWLRQV
diLs1
dt =
nvb − (r1 + r2′)iLs1 − vCs1 + r2′iLm − vcs2 − va
Ls1

dvCs1
dt =
iLs1
Cs1

diLm
dt =
nvb − r2′iLs1 − (rLm + r2′)iLm − vCs2′
Lm

dvCs2′
dt =
iLs1 + iLm
Cs2′

7KHVORZVXEV\VWHPLVGHVFULEHGDV
dvCi
dt =
Vdc + rdcibridge − vCi
Ci(rdc + rCi)

7KHFRXSOLQJHTXDWLRQLVJLYHQE\
ibridge =
iLs1 when va > 0
−iLs1 when va < 0

௑&\FOLFDYHUDJLQJDQDO\VLV
&\FOLF DYHUDJLQJ LV D WHFKQLTXH XVHG WR PRGHO SHULRGLFDOO\
VZLWFKLQJ V\VWHPV 'XH WR WKH VZLWFKLQJ FKDUDFWHULVWLF RI WKHVH
V\VWHPV WKH VWDWH YHFWRU GRHV QRW FRQYHUJH WR D IL[HG YDOXH LQ
VWHDG\ VWDWH 7KHUHIRUH WKH VWHDG\VWDWH EHKDYLRXU LV REWDLQHG E\
DQDO\VLQJ D F\FOH DQG DYHUDJLQJ WKH YDOXHV RI WKH VWDWH YDULDEOHV
XVLQJWKHSURSRVHGPHWKRG>@
7KH&//&V\VWHPSUHVHQWHG LQ WKLVSDSHU LVFRQVLGHUHGF\FOLF
EHFDXVH WKH VWDWH YHFWRU DW WKH EHJLQQLQJ DQG DW WKH HQG RI WKH
VZLWFKLQJSHULRGLVHTXDOWKHUHIRUH
x(t) = x(t + nT) 
ZKHUH7 LV WKHSHULRGRI WKH LQSXWYROWDJHDQGQ LV WKHQXPEHURI
F\FOHV
%DVHGRQWKHVWDWHRIWKHLQSXWYROWDJHVYDDQGQYEHDFKF\FOH
FDQ EH GLYLGHG LQWR RSHUDWLQJ PRGHV DQG D VWDWHYDULDEOH
GHVFULSWLRQ LV REWDLQHG IRU HDFK PRGH UHVXOWLQJ LQ D VHW RI
SLHFHZLVH OLQHDU HTXDWLRQV (DFK L PRGH KDV WKH IROORZLQJ VWDWH
YDULDEOHUHSUHVHQWDWLRQ
x˙(t) = Aix(t) + Bi 
ZKHUHx˙(t)LVWKHVWDWHYHFWRU$LLVWKHG\QDPLFPDWUL[DQG%LLVWKH
H[FLWDWLRQWHUP
+HUHWKHFLUFXLWRSHUDWHVLQHDFKPRGHIRUDIL[HGSHULRG7KH
WLPHLQWHUYDOIRUHDFKPRGHLVJLYHQE\DGXW\F\FOHGL,I7LVWKH
SHULRG RI D F\FOH WKH FLUFXLW RSHUDWHV LQ PRGH L GXULQJ GL 7
VHFRQGV )RU HDFK RSHUDWLRQ PRGH WKH VWDWH YHFWRU  x˙(ti) PD\ EH
FDOFXODWHGDQDO\WLFDOO\XVLQJWKHIROORZLQJHTXDWLRQ
x˙(t) = eAi(t − ti − 1)x(ti − 1) +∫
ti − 1
t
eAi(t − τ)Bidτ
x˙(ti) = e
AidiTx(ti − 1) +∫
ti − 1
ti
eAi(ti − τ)Bidτ
x(ti) = ϕix(ti − 1) + Γi

ZKHUH
ϕi = ϕ(ti, ti − 1) = e
AidiT, Γi = ∫ti − 1
ti eAi(ti − τ)Bidτ = (e
AidiT − I)Ai
−1
Bi LI$L
LVLQYHUWLEOH
7KH FDOFXODWLRQ RI WKHVH WHUPV LV SRVVLEOH EXW FRPSOH[
HVSHFLDOO\ WKH LQWHJUDO WHUP IRU FDVHV ZKHUH $L LV VLQJXODU 7KH
DXJPHQW VWDWH YHFWRU LV XVHG WR REWDLQ D VLPSOLILHG DQG UDSLG
VROXWLRQZLWKRXWWKHLQWHJUDWLRQ7KHUHIRUHWKHG\QDPLFDQGLQSXW
PDWULFHVDUHFRPELQHGUHVXOWLQJLQWKHIROORZLQJ
d
dt
x(t)
1
=
Ai Bi
0 0
x(t)
1 
RU
d
dt
x^(t) = A
^
ix
^(t) 
7KHVROXWLRQIRUWKHLWKPRGHLVJLYHQE\
)LJ௒(TXLYDOHQWFLUFXLWIRUIRUZDUGPRGH

)LJ௒(TXLYDOHQWFLUFXLWIRUUHYHUVHPRGH

-(QJ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\

x^(ti) = eA
^
idiTx^(ti − 1) = ϕ
^
ix
^(ti − 1) 
&RQVLGHULQJDV\VWHPZLWKPPRGHV WKHVWDWHYHFWRUIRUPRGHP
DIWHUWKHZKROHSHULRGLVJLYHQE\
x^(tm) = ϕ
^
mϕ
^
m − 1⋯ϕ
^
1x
^(t0) = ϕ
^
totx
^(t0) 
ZKHUHx^(t0)LVWKHLQLWLDOFRQGLWLRQ
7KH PDWUL[ϕ^ i FDQ DOVR EH REWDLQHG IURP WKH FRPELQDWLRQ RI
PDWULFHVϕiDQGΓi
ϕ
^
i =
ϕi Γi
0 1

7KH SHULRGLF VROXWLRQ FDQ EH IRXQG DVVXPLQJ WKDW DIWHU D ZKROH
F\FOHWKHVWDWHYHFWRULVHTXDOWRWKHLQLWLDOVWDWHDVLQ
x^per(t0 + T) = ϕ
^
totx
^
per(t0) = x
^
per(t0) 
ZKHUH
x^per(t0) =
xper(t0)
1

6ROYLQJJLYHV
xper(t0) = (I
n − ϕtot)
−1Γtot 
ZKHUH
ϕtot = ϕmϕm − 1⋯ϕ1 and Γtot = (ϕmϕm − 1⋯ϕ2)Γ1 + (ϕmϕm − 1⋯ϕ3)Γ2
+⋯+ ϕmΓm − 1 + Γm
7KHUHIRUH XVLQJ   DQG  WKH VWHDG\VWDWH YDOXH IRU
DOOVWDWHYDULDEOHVFDQEHFDOFXODWHGIRUDQ\W
)URP WKH F\FOLF GHVFULSWLRQ REWDLQHG WKH DYHUDJH VWHDG\VWDWH
YDOXHV RI WKH VWDWH YDULDEOHV IRU D ZKROH F\FOH FDQ DOVR EH
FDOFXODWHG7KHDYHUDJHYDOXHGHILQLWLRQLVJLYHQE\
xavg =
1
T∫t0
t0 + T
xper(t)dt 
&RQVLGHULQJWKHV\VWHP
x˙(t) = Aix(t) + Bi
y˙(t) = x˙avg =
1
T
x(t)

7KH DXJPHQWHG VWDWH YHFWRU PHWKRG LV XVHG DJDLQ WR REWDLQ D
VLPSOLILHGVROXWLRQZLWKRXWLQWHJUDWLRQUHVXOWLQJLQ
d
dt
x(t)
1
xavg(t)
=
Ai Bi 0
0 0 0
I /T 0 0
x(t)
1
xavg(t)
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z˙(t) = A
~
iz(t) 
7KHDYHUDJHGVWDWHYHFWRUFDQWKHQEHREWDLQHGFDOFXODWLQJ]W(?(?7
EDVHGRQWKHLQLWLDOVWDWH]W*LYHQWKHLQLWLDOVWDWH
z(t0) =
xper(t0)
1
0

7KHDYHUDJHGVWDWHYHFWRULVWKHQFDOFXODWHG
z(t0 + T) = ϕ
~
mϕ
~
m − 1⋯ϕ
~
1z(t0) =
xper(t0)
1
xav
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ZKHUHϕ~i = eA
~
idiT
&\FOLFDYHUDJLQJDQDO\VLVIRUIRUZDUGRSHUDWLRQ
+HUH WKHF\FOLFDQDO\VLVZLOOEH VKRZQ IRU IRUZDUGRSHUDWLRQ WKH
VDPHPHWKRGRORJ\LVDOVRDSSOLHGWRWKHUHYHUVHRSHUDWLRQ
7KH VWDWHVSDFH GHVFULSWLRQ IRU IRUZDUG PRGH SUHYLRXVO\
REWDLQHG IURP  WR  LV XVHG DV D EDVH IRU DSSOLFDWLRQ RI WKH
F\FOLF PHWKRG 7KH VHW RI HTXDWLRQV FDQ EH UHSUHVHQWHG LQ WKH
PDWUL[IRUPDV
d
dt
iLs1
vCs1
iLm
vCs2′
vCf
= A
iLs1
vCs1
iLm
vCs2′
vCf
+ B 
ZKHUHVHHDQG
B =
(va − nvb)
Ls1
0
nvb
Lm
0
Vbat + rbibridge
C f (rb + rCf
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7KHVWDWHYDULDEOH V\VWHPGHSHQGVRQ WKH VWDWHRIYROWDJHVYD DQG
YE)RUDFRQYHUWHURSHUDWLQJXQGHU636PRGXODWLRQWKHUHDUHWZR
SRVVLEOH VWDWHV IRU HDFKYROWDJH OHDGLQJ WR IRXU RSHUDWLQJPRGHV
7KHSHULRGLFEHKDYLRXURIWKHEULGJHYROWDJHVYDDQGYEIRUIRUZDUG
RSHUDWLRQLVVKRZQLQ)LJDQGWKHIRXUPRGHVFDQEHLGHQWLILHG
IRUDF\FOH:KHQRSHUDWLQJLQIRUZDUGPRGHWKHULJKWEULGJHYE
OHDGVDQGWKHSRZHUIORZVIURPWKH'&EXVWRWKHEDWWHU\
$WWKHEHJLQQLQJRIWKHF\FOHZKHQWKHULJKWEULGJHYROWDJHYE
EHFRPHVSRVLWLYHWKHIRXUPRGHVDUH
A =
−
(r1 + r2′)
Ls1
−
1
Ls1
rC2′
Ls1
−
1
Ls1
0
1
Cs1
0 0 0 0
rC2′
Lm
0 −
(rLm + rC2′ )
Lm
1
Lm
0
1
Cs2′
0 −
1
Cs2′
0 0
0 0 0 0 −
1
C f (rb + rCf)
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,Q 636 PRGXODWLRQ WKH IUHTXHQF\ LV IL[HG DQG WKH SKDVH VKLIW
EHWZHHQ WKH RXWSXW YROWDJH RI WKH WZR EULGJHV LV D NQRZQ DQJOH
EHWZHHQDQG7KHUHIRUHWKHGXUDWLRQRIHDFKPRGHLVIL[HG
DQG FDQ EH FDOFXODWHG EDVHG RQ WKH SHULRG YDOXH DQG SKDVHVKLIW
DQJOH 7KH GXW\ F\FOH IRU WKH ILUVW PRGH LV WKHQ GHWHUPLQHG DV
IROORZV
d1 =
PS
360 
7KHUHPDLQLQJGXW\F\FOHVDUHFDOFXODWHGEDVHGRQWKHZDYHIRUPV
V\PPHWU\G(? (?(?í(?GG(? (?GDQGG(? (?G
2QFH WKH VWDWHVSDFH GHVFULSWLRQ DQG PRGH GXUDWLRQV DUH
REWDLQHGWKHF\FOLFWHFKQLTXHLVXVHGWRPRGHOWKHFRQYHUWHU
)URPDQGWKHVWHDG\VWDWHDYHUDJHYDOXHVRIWKH
VWDWHYDULDEOHVDUHFDOFXODWHGDQGWRYHULI\WKHPRGHORYHUDF\FOH
DQGDUHXVHGWRFDOFXODWHWKHYDOXHVRIWKHVWDWHYDULDEOHV
DWWKHEHJLQQLQJRIHDFKPRGHDWWLPHV[[[DQG[LQ)LJ
௑5HVXOWV
7RYHULI\WKHPRGHOVSURSRVHGDFRQYHUWHUZDVGHVLJQHGEDVHGRQ
D PHWKRGRORJ\ SURSRVHG LQ >@ 7KH VWDWH YDULDEOH DQG F\FOLF
PRGHOVGHVFULEHG LQ6HFWLRQVDQGZHUHVLPXODWHG LQ6LPXOLQN
DQG 0$7/$% YDOLGDWLRQ RI WKH UHVXOWV EHLQJ GRQH DJDLQVW D
FRPSRQHQWEDVHG6SLFHVLPXODWLRQ
&RQYHUWHUGHVLJQ
$(팀W±(팀V&//&FRQYHUWHULVGHVLJQHGWRRSHUDWHDW(?
N+]&RQVLGHULQJWKH'&YROWDJHFRQYHUVLRQUDWLRGHILQLWLRQIURP
DFRQYHUVLRQUDWLRFORVH WRUHVXOWV LQKLJKHUHIILFLHQF\DQG
VPDOOHUEULGJHFXUUHQWV>@7KHUHIRUHWKHFKRVHQWXUQVUDWLRLV
DCratio = n
Vsec
Vpri
= n
Vbat
Vdc
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ZKHUHQLVWKHWUDQVIRUPHUWXUQVUDWLR
7KHUHVRQDQWQHWZRUNLVWXQHGWRWKHVZLWFKLQJIUHTXHQF\DVLQ
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ωr
2 =
1
(Ls1 + Lm)Cs1
=
n
2
LmCs2
= 2π f s
2 
$VDUHVXOWDEDVHUHDFWDQFHYDOXH;QFDQEHGHILQHG
Xn = XCs1 − XLs1 = XLm = n
2
XCs2 
7KHRXWSXWSRZHUFDQEHFDOFXODWHGEDVHGRQWKHPRGXODWLRQDQJOH
DVVKRZQLQFRQVLGHULQJWKHPRVWVLJQLILFDQWSDUWRIWKHSRZHU
LVWUDQVIHUUHGDWIXQGDPHQWDOIUHTXHQF\
Pout =
8nVdcVbat
n
2
Xn
sin(ϕ) 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ZKHUH ׋ LV WKH PRGXODWLRQ DQJOH DQG ׋PD[(? (? IRU 636
PRGXODWLRQ
7KHSDUDPHWHUV REWDLQHG IURP WKLV GHVLJQSURFHGXUH DUH OLVWHG
RQ7DEOH
6LPXODWLRQUHVXOWVDQGPRGHOYDOLGDWLRQ
7KHFRQYHUWHUZDVVLPXODWHGEDVHGRQWKHGHVLJQGHYHORSHGLQWKH
SUHYLRXV VHFWLRQ FRQVLGHULQJ IRUZDUG DQG UHYHUVH RSHUDWLRQV IRU
WKUHHFDVHVRISKDVHVKLIWDQJOHDQG
7KHUHVLVWDQFHDVVRFLDWHGWRWKHILOWHUFDSDFLWRULVQHJOHFWHGDQG
FRQVHTXHQWO\ WKH RXWSXW YROWDJH LV JLYHQ E\ WKH RXWSXW ILOWHU
FDSDFLWRUYROWDJHY&IIRUIRUZDUGPRGHDQGY&LIRUUHYHUVHPRGH
7KH DYHUDJH YDOXH RI WKH RXWSXW YROWDJH ZDV PHDVXUHG IRU ERWK
PRGHOVDQGFRPSDUHGWRUHVXOWVIURPD/7VSLFHVLPXODWLRQ5HVXOWV
IRUIRUZDUGRSHUDWLRQDUHVKRZQLQ)LJDQGUHYHUVHRSHUDWLRQLQ
)LJ
)URP )LJV  DQG  LW FDQ EH QRWLFHG WKDW ERWK VWDWHYDULDEOH
DQGF\FOLFDYHUDJLQJPRGHOV DUH DFFXUDWH FRPSDUHG WR6SLFH)RU
VRPHSRLQWV WKH/7VSLFH UHVXOW LV VOLJKWO\GLIIHUHQWPDLQO\GXH WR
WKHGLIIHUHQFHLQSUHFLVLRQXVHGIRUWKHDYHUDJHYROWDJHFDOFXODWLRQ
LQ 0$7/$%6LPXOLQN VLPXODWLRQV IRXU GHFLPDO SODFHV DQG
/7VSLFHVLPXODWLRQVWKUHHGHFLPDOSODFHV
7RYHULI\WKHDFFXUDF\RIWKHPRGHOVGXULQJDZKROHF\FOHWKH
VWDWHYDULDEOHV YDOXHV RQ VWHDG\ VWDWH ZHUH FKHFNHG DW WKH
EHJLQQLQJRIHDFKPRGHSRLQWV[[[DQG[IURP)LJVDQG
 ,Q 7DEOHV  DQG  WKH UHVXOWV REWDLQHG DW SRLQW [ DUH VKRZQ
FRQVLGHULQJIRUZDUGDQGUHYHUVHRSHUDWLRQ
7KHUHVXOWVREWDLQHGIRUWKHWZRSURSRVHGPRGHOVDUHVLPLODUWR
WKH 6SLFH UHVXOWV 3DUW RI WKH HUURU LV D UHVXOW RI WKH GLIILFXOW\ WR
PHDVXUH WKHFXUUHQW DQGYROWDJHYDOXHV IRU WKH/7VSLFHDQG VWDWH
YDULDEOHPRGHOVDWWKHH[DFWSRLQWLQWLPHZKHQ0RGHVWDUWV
)LJ௒9ROWDJHVDWWKHRXWSXWRIULJKWYEDQGOHIWEULGJHYDIRUIRUZDUG
RSHUDWLRQ

7DEOH(? 3DUDPHWHUYDOXHVIRU&//&FRQYHUWHU
3DUDPHWHU 9DOXH
9GF (팀V
9EDW (팀V
&I&L (팂:)
/V (팂:+
&V (팀n)
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
)LJ௒$YHUDJHRXWSXWYROWDJHYVSKDVHVKLIWDQJOH±IRUZDUGPRGH

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,Q7DEOHWKHH[HFXWLRQWLPHIRUWKHWKUHHPRGHOVLVFRPSDUHG
7KH UHVXOWV REWDLQHG E\ F\FOLFDYHUDJLQJ PHWKRG DUH GLUHFWO\
VWHDG\ VWDWH ZKLOH VWDWH YDULDEOH DQG 6SLFH PRGHOV QHHG WR EH
VLPXODWHGXQWLO VWHDG\ VWDWH LV UHDFKHG DURXQG(팀mV IRU WKH VWDWH
YDULDEOH VLPXODWLRQ DQG (팀mV IRU /WVSLFH 7KHUHIRUH IRU
FRPSDULVRQERWKVWDWHYDULDEOHDQGVSLFHPRGHOVKDYHDVLPXODWLRQ
WLPHRI(팀mVZLWK(팀nVVWHSVL]H7KHH[HFXWLRQWLPHZKHQXVLQJ
F\FOLFDYHUDJLQJ WHFKQLTXH LV UHGXFHG FRPSDUHG WR VWDWH YDULDEOH
DQG6SLFHPRGHOV
௑&RQFOXVLRQV
,Q WKLV SDSHU VWDWHYDULDEOH DQG F\FOLFDYHUDJLQJ PRGHOV ZHUH
SURSRVHG WR GHVFULEH WKH RSHUDWLRQ RI D ELGLUHFWLRQDO UHVRQDQW
&//& FRQYHUWHU 7KH PRGHOV ZHUH GHYHORSHG DQG VLPXODWLRQ
UHVXOWVZHUHYHULILHGDJDLQVWD6SLFHVLPXODWLRQ,WZDVVKRZQWKDW
ERWKPRGHOVFDQEHXVHGWRDFFXUDWHO\SUHGLFWWKHEHKDYLRXURIWKH
&//& FRQYHUWHU DQG YROWDJH DQG FXUUHQW VWUHVVHV RQ FLUFXLW
FRPSRQHQWV XQGHU SKDVHVKLIW PRGXODWLRQ )XUWKHUPRUH LW ZDV
FRQILUPHG WKDW WKHXVHRI F\FOLF DYHUDJLQJ WHFKQLTXHV UHVXOWV LQ D
UDSLGDQDO\VLVZLWKWKHORZHVWH[HFXWLRQWLPHEHWZHHQWKHPRGHOV
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